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Adaptive Fuzzy Gain Scheduling in Guidance System Design
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A dynamic backpropagationtraining algorithm for an adaptive fuzzy gain scheduling feedback control scheme
was developed. This novel design methodologyuses a Takagi–Sugeno fuzzy system to represent the fuzzy relation-
ship between the scheduling variables and controller parameters (Takagi,T., and Sugeno,M., “Fuzzy Identi� cation
of Systems and Its Applications to Modeling and Control,” IEEE Transactions on Systems, Man, and Cybernetics,
Vol. 15, No. 1, 1985, pp. 116–132). Direct realistic extension applicable to the guidance system design is introduced.
This application relates to terminal guidance design for guided missiles. Mach number, altitude, and time to go
are used as measured, time-varying exogenous scheduling variables injected into the guidance law. Results from
homing-loopsimulations show that the presented approach offers better terminal guidance performance than the
conventional proportional navigationguidance design, that is, less control effort and a smaller miss distance.

Nomenclature
Ac = missile acceleration command
Am = missile lateral acceleration
At = target lateral acceleration
Hm = missile altitude
K® = aerodynamic turning rate constant
N = proportional navigation ratio
p = differential operator, d=dt
RR = radome refraction slope error
Ta = autopilot time constant
Tc = guidance � lter time constant
Tgo = time to go
Ts = seeker tracking loop time constant
Vm = missile speed
" = boresight error
´ = learning rate of the parameter update algorithm
¸ = line-of-sight (LOS) angle
PQ̧ = LOS rate command
¹.¢/ = membership function
½ = weighting factor
¾i j = adjustable variable
¿s = sampling period

I. Introduction

T HE concept of gain scheduling, originated in connection with
the development of � ight control systems, is an effective way

to control systems whose dynamics change with the operating con-
ditions. This technique uses process variables related to dynamics
that compensate for the effect of working in different operating re-
gions. It is normally used in the control of nonlinear plants where
the relationship between the plant dynamics and operating condi-
tions is known and for which a single linear time-invariantmodel is
insuf� cient.1¡3

Gain scheduling design involves three main issues: operating re-
gion partitioning into several approximately linear regions, local
controller design in each linear region, and controller parameter
interpolation between the linear regions. A gain-scheduled control
system can be viewed as a feedback control system in which the
feedback gains are adjusted using feedforward compensation. The
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main advantageof gain scheduling is that controller parameters can
be adjusted very quickly in response to changes in the plant dy-
namics. Conventional autopilot gain-scheduleddesigns for tactical
missiles may be found in Refs. 4–7. The H1 methods can also be
applied to treat the autopilot gain-scheduleddesign problems.8;9

The main drawback of most conventionalgain scheduling (CGS)
is that the parameter change may be rather abrupt across the re-
gion boundaries,which may result in unacceptableor even unstable
performance.Anotherproblemis that accurate linear time-invariant
models at variousoperating points may be dif� cult or impossible to
obtain.As a solution to this problem, a fuzzy gain scheduling(FGS)
method has been proposed that utilizes a fuzzy reasoning technique
to determine the controller parameters.10 With this method, human
expertise in the linear control design and CGS can be represented
by fuzzy ruleswith a fuzzy inferencemechanismused to interpolate
the controller parameters in the transition regions.3;11

Takagi–Sugeno10 fuzzy models provide an effective representa-
tion of complex nonlinear systems in terms of fuzzy sets and fuzzy
reasoning applied to a set of linear input–output submodels. Based
on each model, FGS controllers are facilitated using linear matrix
inequality methods.12 An H1 gain schedule using fuzzy rules was
also proposed in Ref. 13 to ensure stability and performance ro-
bustness. As for applications, the FGS technique has been used in
vehicle guidance design14 and aircraft � ight control design.15;16 A
robust fuzzy gain scheduler has also been designed for an aircraft
autopilot system.17

Neuralnetworkgain scheduling(NNGS)could incorporatelearn-
ing ability into gain schedulingcontrol.3 The training example con-
sists of the operatingvariablesand control gains obtained at various
operating points and their correspondingdesired output. Compared
to the FGS technique, the main advantageof NNGS is that it avoids
the need to manually design a scheduling program or determine
a suitable inferencing system. NNGS techniques may be found in
various � elds such as hydroelectric generation18 and aircraft � ight
control systems.19

In summary, the major dif� culties in applying FGS consist of
1) dif� culty in specifying appropriate fuzzy rules and membership
functions and 2) dependence of performance of the gain schedule
on the accuracy of the missile guidance and control system model
under each � ight condition. For NNGS, the major dif� culties are
1) appropriatenetwork size selection and 2) dif� culty in adding the
designer’s expertise to the existing network when necessary.

This paper proposes a methodology for controlling a class
of dynamic systems using an adaptive fuzzy gain scheduling
(AFGS) technique. This novel design methodology uses a Tagaki–
Sugeno10 fuzzy system to represent the fuzzy relationship between
the scheduling variables and controller parameters. A particular
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compensation strategy is used to design the AFGS guidance law,
which is a variant from the conventional proportional navigation
guidance (PNG) law. Traditionally, the guidance and control gains
are switchedalong the missile trajectoriesaccordingto a functionor
a table lookupbuiltin thecomputer.Unlikeconventionaldesigns,the
proposed novel technique offers the advantage of performance im-
provement for ill-de� ned � ight dynamics through learningusing an
adaptive fuzzy inferencing technique. Rapid adaptivity to environ-
mental changes makes this technique appropriate for the guidance
and control systems in coping with aerodynamic changes during
� ight.

II. AFGS Control Scheme
Consider the generalAFGS control scheme shown in Fig. 1. The

dynamic nonlinear system to be controlled is described using the
following state-space equations:

Px D f [x.t/; u.t/] (1a)

y D g[x.t/] (1b)

w D h[x.t/] (1c)

where x is the state variable vector, u is the control command, y
is the plant output, w D [w1 ¢ ¢ ¢ wm ]T is the scheduling variable
vector that correlates well with the change in the plant dynamics.
In Fig. 1, r is the tracking command, e D r ¡ y is the tracking error.
We consider an adaptive gain-scheduledcontroller described by

u.p/ D C.p/e. p/ (2)

where the transfer function C.p/ is de� ned by

C.p/ D
bn pn C bn ¡ 1 pn ¡ 1 C ¢ ¢ ¢ C b0

pn C an ¡ 1 pn ¡ 1 C ¢ ¢ ¢ C a1 p C a0

(3)

The objective of this controller is to minimize a prede� ned perfor-
mance measure for the closed-loopsystem basedon the information
provided by the scheduling variables. The controller is trained us-
ing a set of controller parameters (a0; a1; : : : ; an ¡ 1; b0; b1; : : : ; bn )
tuned at various operating points determined by the variable w. A
fuzzy logic-based, adaptive parameter adjustment rule will be pro-
posed in the following paragraphs to train the controller.

For the continuous-timecontrol scheme shown in Fig. 1, the per-
formance measure is de� ned by integrating the combination of the
tracking error and control command over [t0; t] as follows:

J D 1

2

Z t

t0

[e2.¿ / C ½u2.¿ /] d¿ (4)

where the scalar ½ is included to weight the relative importance of
the tracking error and the control effort.

To characterizetheadaptive,fuzzy logic-basedcontroller,a group
of adjustablevariables¾i j are introduced.Thesevariablesareusedas
the consequentfunctionparametersfor the fuzzy rules.The gradient
descent algorithm is then used to derive a generalized backpropa-
gation training algorithm:

1¾i j D ¡´r¾i j J; 8i; j (5)

Fig. 1 AFGS control scheme.

where 1¾i j D ¾i j .t C ¿s/ ¡ ¾i j .t/ and the gradientr¾i j J D @ J=@¾i j

is calculated using the chain rule:

@ J

@¾i j
D @ J

@y
@y

@¾i j
C @ J

@u
@u

@¾i j
D

Z t

t0

µ
¡e.¿ /

@y

@¾i j
C ½u.¿ /

@u

@¾i j

¶
d¿

(6)

To complete the derivations, @y=@¾i j and @u=@¾i j must be found.
For the nonlinear dynamic system (1), we have

@y

@¾i j

D @g.x/

@x
@x

@¾i j

(7)

Note that if the precise plant model is not known, the gradient vec-
tor @g.x/=@x can usually be approximately calculated using the
perturbationmethod, that is, @g.x/=@x ¼ 1g.x/=1x. From Eq. (7),
the problem is transformed to obtain the derivative @x=@¾i j . From
Eq. (1a), taking the derivative @x=@¾i j with respect to t produces
the gradient dynamics

d

dt

³
@x

@¾i j

´
D @

@¾i j
Px D @ f .x; u/

@x
@x

@¾i j
C @ f .x; u/

@u

@u

@¾i j

(8)

The values of the Jacobian matrix @ f .x; u/=@x and the gradi-
ent vector @ f .x; u/=@u can also be approximated using the per-
turbation method. Next, we evaluate @u=@¾i j and then proceed
with solving the differential equation (7) to obtain @x=@¾i j . Since
u D u.e; w; ¾i j /, thus

@u

@¾i j
D

@u.¾i j /

@¾i j
C @u

@w
@w
@x

@x
@¾i j

C @u

@e
@e

@y
@y

@x
@x

@¾i j
D

@u.¾i j /

@¾i j

C
µ

@u

@w
@h.x/

@x
¡

@u

@e

@g.x/

@x

¶
@x

@¾i j

(9)

Combining Eqs. (8) and (9) yields

d

dt

³
@x

@¾i j

´
D

»
@ f .x; u/

@x
C @ f .x; u/

@u

µ
@u

@w
@h.x/

@x
¡ @u

@e

@g.x/

@x

¶¼

£ @x
@¾i j

C @ f .x; u/

@u

@u.¾i j /

@¾i j

(10)

For this differential equation, @x=@¾i j is viewed as a state variable
vector.

A Takagi–Sugeno10 fuzzy model is used next to represent the
fuzzy conditional statement between the scheduling variables and
the controller parameters. This model provides an effective repre-
sentation of the complex nonlinear relations in terms of fuzzy sets
and fuzzy reasoning applied to a set of input–output data. In this
approach, the schedulingvariables wi ; i D 1; : : : ; m, are used as the
inputs, and the outputsare the parametersof the lineardynamiccon-
troller, that is, ai ; i D 0; 1; : : : ; n ¡ 1, and bi ; i D 0; 1; : : : ; n. The
complex relationship between these factors is constructed through
a set of fuzzy rules.

To facilitate the adaptation of the Takagi–Sugeno fuzzy model,
the fuzzy model is placed into the framework of adaptive networks
so that gradient vectors can be computed systematically.For a � rst-
order Takagi–Sugeno model, the i th fuzzy rule takes the following
form.

If w1 is LW
i

1 and ¢ ¢ ¢ and wm is LW
i

m , then

ai D ®i
1w1 C ®i

2w2 C ¢ ¢ ¢ C ®i
mwm C ®i

m C 1

bi D ¯i
1w1 C ¯i

2w2 C ¢ ¢ ¢ C ¯i
m wm C ¯i

m C 1 (11)

where ® D [®i
1 j ®i

2 j ¢ ¢ ¢ ®i
n j ]

T , ¯ D [¯ i
1 j ¯ i

2 j ¢ ¢ ¢ ¯ i
.n C 1/ j ]

T , LW i
j

is the notation for the fuzzy sets de� ned over the domain of the
scheduling variable w j , and ai

j and bi
j , de� ned next, are the linear
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combinations of w1; : : : ; wm with the coef� cients ®i
pq and ¯ i

r s ,
respectively,

ai D

2

66664

ai
0

ai
1
:::

a i
n ¡ 1

3

77775
D

2

66664

®i
11 ®i

12 ¢ ¢ ¢ ®i
1m ®i

1.m C 1/

®i
21 ®i

22 ¢ ¢ ¢ ®i
2m ®i

2.m C 1/

:::
::: ¢ ¢ ¢

:::
:::

®i
n1 ®i

n2 ¢ ¢ ¢ ®i
nm ®i

n.m C 1/

3

77775

2

666664

w1

w2
:::

wm

wm C 1

3

777775

bi D

2

66664

bi
0

bi
1
:::

bi
n

3

77775
D

2

66664

¯ i
11 ¯ i

12 ¢ ¢ ¢ ¯ i
1m ¯ i

1.m C 1/

¯ i
21 ¯ i

22 ¢ ¢ ¢ ¯ i
2m ¯ i

2.m C 1/

:::
::: ¢ ¢ ¢

:::
:::

¯ i
.n C 1/1 ¯ i

.n C 1/2 ¢ ¢ ¢ ¯ i
.n C 1/m ¯ i

.n C 1/.m C 1/

3

77775

£

2

666664

w1

w2
:::

wm

wm C 1

3

777775

in which i D 1; : : : ; l; wm C 1 D 1; ai
j .b

i
j / indicatesthe � ring strength

contributed by the i th rule. In this rule, elements of the consequent
parameter vectors ®i

1; : : : ; ®i
m and ¯i

1; : : : ; ¯i
m are viewed as the

adjustable variable ¾i j in Eq. (5). Note that the use of a functional
consequencesimpli� es the inferencing stage because the defuzzi� -
cation process is avoided.

An equivalent representation for the controller C.s/ is shown in
Fig. 2. In Fig. 2, a0; : : : ; an ¡ 1 and b0; : : : ; bn are the controller pa-
rameters to be adjustedsuch that the performancemeasure J is min-
imized. Using the Takagi–Sugeno inference mechanism, the fuzzi-
� zed parameters a j , j D 0; 1; : : : ; n ¡ 1, and b j ; j D 0; 1; : : : ; n,
can be expressed by the weighted sum of all strengths of the � red
rules, which takes the following forms:

a j D
lX

i D 1

Nwi ai
j ; b j D

lX

i D 1

Nwi bi
j (12)

where Nwi denotes the normalized � ring strength.
We now proceed to � nd the derivative @u.¾i j /=@¾i j of Eq. (9).

Referring to Eq. (12) and Fig. 2, the derivative can be found using

Fig. 2 Schematic of AFGS controller.

repeatedapplicationsof the chain rule. The derivationsfor ¾ D ®; ¯
can be generalized as

@u

@®i
pq

D @u

@³p

@³p

@ap ¡ 1

@ap ¡ 1

@ai
p ¡ 1

@ai
p ¡ 1

@®i
pq

D
¡
bp ¡ 1 C b0t p ¡ 1

¢ @³p

@ap ¡ 1
Nwi wq

p D 1; : : : ; n; q D 1; : : : ; m C 1; i D 1; : : : ; l (13a)

@u

@¯ i
r s

D @u

@br ¡ 1

@br ¡ 1

@bi
r ¡ 1

@bi
r ¡ 1

@¯ i
r s

D @u

@br ¡ 1
Nwi ws

r D 1; : : : ; n C 1; s D 1; : : : ; m C 1; i D 1; : : : ; l (13b)

Dynamic controllers are composed using proportional terms, in-
tegration terms, or derivative terms. The compensation approach
just developed can be used especially for closed-loop systems with
lower-order compensators such as proportional integral derivative
or lead– lag networks. For these situations, the parameter update
algorithm would be simpler.

The adaptive nature of AFGS renders it fundamentally different
from the traditional gain schedulingschemes. The major advantage
is that it avoids the need to manually design a scheduling program
or to determine a suitable fuzzy inferencing system. Moreover, be-
cause the parameters are adaptable,AFGS is more � exible than the
traditional gain scheduling in the sense that it is not tied to a par-
ticular system dynamics and, therefore, does not require signi� cant
modi� cation if the plant is altered. It can, thus, be expected that
the controller becomes more robust and more insensitive to plant
parameter variations. In addition, unlike the traditional FGS, the
nonsmoothness of the membership function will not degrade the
performance signi� cantly because we are changing the parameters
of the dynamic controller, not the equivalent fuzzy gain.

III. AFGS Guidance
FGS Guidance Law

The developmentof an appropriategain-schedulinglaw is crucial
to the performance of a scheduled system. It is quite often either
dif� cult to � nd or too complicated to design CGS law. However,
this problem can be resolved using fuzzy inference techniques. In
FGS guidancedesign, the schedulingvariablesare taken as Vm , Hm ,
and Tgo . The inferenceengine generates the proportionalnavigation
ratio N and guidance � lter constant Tc. They are used as a function
of Tgo to optimize the tradeoff between engagement performance
and homing-loop stability.

In the following application, three term sets describing for the
scheduling variables Vm , Hm , and Tgo are, respectively, de� ned in
the following:

TVm D fA1; A2; A3; A4; A5g; THm D fB1; B2; B3; B4; B5g

TTgo D fC1; C2; C3g (14)

where Ai ; Bi , and Ci are the fuzzy sets that are characterized by
certainmembershipfunctions.For the purposeof theoreticalstudies,
the physicaldomain over which the schedulingvariable Vm takes its
crisp value is supposed to be [1.6, 2.2] Mach. The domain for Hm

is [5.0, 12.5] km and the domain for TTgo is [0, 10] s.
Based on the notation introduced earlier, the AFGS rule base

contains a set of FGS rules in the following form.
If Vm is Al

i , and Hm is B l
j , and Tgo is C l

k , then

N l D pl
1Vm C q l

1 Hm C r l
1Tgo C s l

1

T l
c D pl

2Vm C q l
2 Hm C r l

2Tgo C sl
2; l D 1; : : : ; 75 (15)

where .Vm; Hm ; Tgo/ is the scheduling vector that best � ts the de-
scription in the premise part of the rule, and pl

1, q l
1 , r l

1, sl
1 , pl

2 , q l
2 , r l

2,
and s l

2 are the consequent function parameters. The outputs N l and
T l

c for this rule are the inferenced guidance parameters.
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Fig. 3 Structure of FGS guidance parameters.

To facilitatetheadaptationof thegainschedulingguidancemodel,
it is convenient to put the fuzzy model into the framework of adap-
tive networks that can compute gradientvectors systematically.The
resultant network architecture is shown in Fig. 3. We denote j Oi as
the output of the i th node in layer j . The node functions of each
layer are described as follows.

1) Each node in layer 1 generates the membership grades for the
scheduling variables Vm , Hm , and Tgo:

1 Oi D ¹Ai .Vm/; 1 O j D ¹B j .Hm/; 1 Ok D ¹Ck .Tgo/

i; j D 1; : : : ; 5; k D 1; : : : ; 3 (16)

where the membership functions ¹Ai .¢/, ¹B j .¢/, and ¹Ck .¢/ are de-
� ned as follows:

¹Ai .Vm / D 1

,(

1 C

"³
Vm ¡ ci

ai

´2
#bi

)

¹B j .Hm/ D 1

,(

1 C

"³
Hm ¡ c j

a j

´2
#b j

)

; i; j D 1; : : : ; 5

¹Ck .Tgo/ D 1

,(

1 C

"³
Tgo ¡ ck

ak

´2
#bk

)

; k D 1; : : : ; 3

in which the parametersa and c are, respectively,the width and cen-
ter of the membership functionand b is the slope of the membership
function at the crossover point. A desired membership function is
obtained using a proper parameter set (a, b, c). Figure 4 shows the
bell-shaped membership functions considered in this research.

Fig. 4 Membership functions describing the scheduling variables Vm,
Hm, and Tgo.

2) Each node in layer 2 calculates the � ring strength of each rule
via multiplication:

2 O l D wl D
Y

i; j;k

¹Ai .Vm /¹B j .Hm /¹Ck .Tgo/; l D 1; : : : ; 75

(17)

3) The i th node in layer 3 calculates the relative � ring strengthof
the i th rule to the sum of all rules’ � ring strengths:

3 O l D 0.w l/ D Nwl D wl

¿ X

l

wl ; l D 1; : : : ; 75 (18)

4) The i th node in layer 4 has the following node function:

4O l
1 D Nwl f l

1 D Nwl
¡

pl
1Vm C q l

1 Hm C r l
1Tgo C sl

1

¢
; l D 1; : : : ; 75

4O l
2 D Nwl f l

2 D Nwl
¡

pl
2Vm C q l

2 Hm C r l
2Tgo C sl

2

¢
; l D 1; : : : ; 75

(19)

5) The nodes in layer 5 yield the guidance parameters N and Tc :

N D 5 O1 D
X

l

4 O l
1; Tc D 5 O2 D

X

l

4O l
2; l D 1; : : : ; 75

(20)

We have constructedan adaptivenetwork that is functionallyequiv-
alent to a Takagi–Sugeno fuzzy model. The consequentfunctionpa-
rameters are regulatedby the learningalgorithmpresented in Sec. II
when the input information is provided.

Adaptive Guidance Parameter Update Law
It was known that the effective navigation ratio N , which varies

due to changes in the � ight conditions, is one major determinant
for missile homing performance. Another major determinant is the
guidance � lter time constant Tc . These determinants are usually se-
lected to compensate for the stability problem caused by radome
error and for various � ight conditions to generate the best engage-
ment performance.

In general, the guidance system designer attempts to keep the
effective navigation ratio as small as possible to meet the stability
requirements and yet large enough so that homing will be effective.
To cope with the stability problem caused by negative radome er-
ror, the guidance system time constant is generally made larger at
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Fig. 5 Simpli� ed homing loop with AFGS guidance law.

higher altitudes. The penalty for such a decision is that the miss
distances tend to increase as the guidance system time constant
increases. From another viewpoint, the guidance � ltering must be
heavy enough to smooth the missile’s � ight. It reduces the general
motion due to large random accelerations responding to the noise.
Yet the � lteringmust be lightenoughto allowquickmissile response
when needed to correct for headingerrors or to chasea maneuvering
target.

The preceding developed result can be extended to design an
AFGS guidance law. This is a variant from the conventional PNG
law described by

Ac D [N Vc=.1 C Tcs/]PQ̧ (21)

with N and Tc being functions of the scheduling variables. The
learning rule for this guidance law is the backpropagationgradient
descent algorithm described in Sec. II. The principal elements of a
simpli� ed missile guidance system model with an AFGS guidance
law is shown in Fig. 5. In Fig. 5, the external noise n is composed
of glint, receiver, and fading noises. The seeker model is completed
by developinga simpli� ed trackingand stabilizationcontrol system
in which µm is the missile body angle and µh is the seeker gimbal
angle.For more detailsabout thismissilesystemmodel, see Refs. 20
and 21.

To minimize the kinetic energy loss over the homing phase and,
hence, to maximize the terminal speed, the guidancecommand pol-
icy is derivedby selecting the commandedaccelerationto minimize
the following performance index:

J
¡

pl
1; ql

1; r l
1; pl

2; q l
2; r l

2

¢
D 1

2

Z t

t0

A2
c

¡
pl

1; q l
1; r l

1; pl
2; q l

2; r l
2

¢
d¿ (22)

The AFGS guidance command can be written as

Ac

¡
pl

1; q l
1; r l

1; pl
2; q l

2; r l
2

¢
D

©
1
¯£

1 C Tc

¡
pl

2; q l
2; r l

2

¢
p
¤ª

£ N
¡

pl
1; q l

1; r l
1

¢
Vc

PQ̧ (23)

With referenceto Eq. (20), the fuzzygain-schedulednavigationratio
and guidance � lter time constant are, respectively, given by

N
¡

pl
1; q l

1; r l
1

¢
D Nbias C

X

l

Nwl
¡

pl
1Vm C q l

1 Hm C r l
1Tgo

¢
(24a)

Tc

¡
pl

2; q l
2; r l

2

¢
D Tcbias C

X

l

Nwl
¡

pl
2Vm C q l

2 Hm C r l
2Tgo

¢
(24b)

To simplify the adaptation, the biased terms have been adopted in
Eq. (24) to replace the terms includingsl

1 and sl
2 in Eq. (19). Because

K® varieswith differentvelocitiesand altitudes,Vm and Hm are used
as the schedulingvariables in the AFGS guidance law. For notation
simplicity, the arguments for N and Tc will be omitted in the sequel.

To constructthe parameterupdate law, the autopilotis viewedas a
dynamic plant to be controlledby the guidance law. The state-space
representation for a � rst-order autopilot can be expressed as

Px D ¡.1=Ta/x C Ac; Am D .1=Ta/x

Figure 5 is a schematic diagram of the AFGS guidance system.
Based on these expressions we proceed to derive the parameter
update equations. First, the partial derivative of J with respect to
the parameters pl

1 , q l
1 , and r l

1 are, respectively, obtained as

@ J

@pl
1

D
Z t

t0

Ac
@ Ac

@pl
1

d¿;
@ J

@q l
1

D
Z t

t0

Ac
@ Ac

@q l
1

d¿

@ J

@r l
1

D
Z t

t0

Ac
@ Ac

@r l
1

d¿ (25)

where @ Ac=@pl
1 is determined via the following derivatives:
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1

D
@ Ac
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1

¢
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1

C
@ Ac

@
PQ̧

@
PQ̧ .¸; Pµm/
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1

D PO̧ Nwl Vm Vc
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³
@

PQ̧
@¸

@¸

@e

@e

@ Am
C @

PQ̧
@ Pµm

@ Pµm

@ Am

´
@ Am

@x

@x

@pl
1

D PO̧ Nwl Vm Vc C ».x/
@x

@pl
1

with

».x/ D 1
Ta

@ Ac

@
PQ̧

³
¡

t 2

2RMT
@

PQ̧
@¸

C @
PQ̧

@ Pµm

@ Pµm

@ Am

´

and @x=@pl
1 being the solutionto the followingdifferentialequation:

d
dt

³
@x

@pl
1

´
D ¡ 1

Ta

@x

@pl
1

C @ Ac

@pl
1

D
µ

¡ 1
Ta
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and RMT is missile– target relative range.
Similarly, @ Ac=@q l

1 and @ Ac=@r l
1 are determined from
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Similarly, the parameter update equations for the guidance � lter
time constant Tc are determined from the following derivatives:
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where @ Ac=@pl
2 , @ Ac=@q l
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Constrained Parameter Update Algorithm
To avoid causing the stability problem and to not override the

� ight control system, the elements used to construct the guidance
system should be strictly limited. For example, given K® and ran-
dome re� ection slope error (RR), the range for the achievableguid-
ance time constant can be determinedon the basis of useful stability
criteria.20 Suppose here those reliable values of N and Tc are re-
stricted in the following constraint sets:

Nmin · N .¾i j / · Nmax; Tcmin · Tc.¾i j / · Tcmax

The two inequalities can be equivalently expressed as

jN .¾i j / ¡ Nmidj · .Nmax ¡ Nmin/=2
­­Tc.¾i j / ¡ Tcmid

­­·
¡
Tcmax ¡ Tcmin

¢¯
2 (27)

where Nmid D 0:5.Nmax C Nmin/ and Tcmid D 0:5.Tcmax C Tcmin /.
From Eq. (27), the consequent parameters pl

1 , q l
1 , r l

1, pl
2 , q l

2,
and r l

2 for the AFGS guidance law should be restricted to the fol-
lowing convex sets:

SN D
©
¾i j

­­gN .¾i j / D [N .¾i j / ¡ Nmid]2 ¡ [.Nmax ¡ Nmin/=2]2 · 0
ª

(28a)

STc D
©
¾i j

­­gTc .¾i j / D
£
Tc.¾i j / ¡ Tcmid

¤2 ¡
£¡

Tcmax ¡ Tcmin

¢¯
2
¤2 · 0

ª

(28b)

A simple saturation of just the guidance parameters N and Tc

alone could provide an absolute guarantee that they would stay be-
low the given boundary. However, because the output of AFGS is
saturated,it will no longerre� ect thechangesin theconsequentfunc-
tion parameters. Therefore, the adjustment laws will keep adjusting
the parameters with no apparent improvement on the performance
cost minimization.To manage the constraintswhile minimizing the
cost function, a con� nement algorithm based on the gradient pro-
jection algorithm22 is derived in the following.

First, as the current parameter ¾i j is in the interior of SN .STc /,
the unconstrainedalgorithmdescribed by Eq. (5) is used. If the cur-
rent parameter is on the boundary of SN .STc /, that is, gN .¾i j / D
0 [gTc .¾i j / D 0] and the direction of search given by the un-
constrained algorithm is still pointing inside SN .STc /, that is,
¡r J T

N .¾i j /rgN .¾i j / · 0 [¡r J T
Tc

.¾i j /rgTc .¾i j / · 0], then we keep
the algorithm. If the searching direction is pointing away from SN

.STc / then the gradient projection algorithm is used. The parameter
update process for constrained optimization is summarized in the
following.

1) If ¾i j 2 SN or gN .¾i j / D 0 and ¡r J T
N .¾i j /rgN .¾i j / · 0, then

the following gradient descent algorithm is applied:
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where ´N is the learning rate; @ J=@pl
1 , @ J=@q l

1 , and @ J=@r l
1 are

determined from Eq. (25).
2) If condition 1 is not satis� ed, then the following the gradient

projection algorithm is used:
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where the gradient of gN .¾i j / with respect to ¾i j can be obtained as
follows:

rgN D 2.N ¡ Nmid/ Nwl[Vm Hm Tgo]T

The parameter’N is used as a scaling factor for modifyingthe speed
of constraint satisfaction.

Similarly, for the guidance � lter time constant Tc, the parameter
update law is given as follows.

1) If ¾i j 2 STc or gTc .¾i j / D 0 and ¡r J T
Tc

.¾i j /rgTc .¾i j / · 0, then
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where ´Tc is the learning rate; @ J=@pl
2, @ J=@q l

2, and @ J=@r l
2 are

determined from Eq. (26).
2) If condition 1 is not satis� ed then
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where the gradient rgTc is de� ned by

rgTc D 2
¡
Tc ¡ Tcmid

¢
Nwl [Vm Hm Tgo]T

In summary, the proposed AFGS guidance law is given by
Eq. (23)with theadaptiveguidanceparameters N and Tc determined
from Eq. (24) in which the consequent parameters are updated via
Eqs. (29–32).

IV. Results and Analysis
The nominal parameters used for homing-loop simulations are

listed in Table 1. In Table 2, 12 considered � ight conditions are
given. The values for K® correspondingto 12 � ight conditionswere
also tabulated. In general, K® increases as the missile altitude in-
creases, and it decreases as the missile speed decreases. To main-
tain consistentperformance, the navigation ratio and guidance time
constant must be varied under various � ight conditions. In the sim-
ulation studies we � rst let Nmin D 3 and Nmax D 6, and Tcmin D 0:1
and Tcmax D 0:2 s.

The performance measure considered in the simulation study is
the minimizationof the controleffort de� ned in Eq. (22). To achieve
better training results, two phases for the guidance parameter adap-
tation learning were conducted.

Of� ine Training
The purpose for the of� ine training is to provide a better initial

setting for the consequentparameters pl
1 , q l

1, r l
1 , pl

2 , q l
2, and r l

2. Dur-
ing this phase, the external noise source n is temporally removed
from the homing-loop simulation scheme and a 3 g.g D 9:8 m/s2)
step input is used to simulate the target lateral acceleration com-
mand At .

The training parameters were initialized at zero values. While
the training progresses, the learning rates were chosen to speed
up convergence and to avoid overshooting the training results. The
chosen learning rates were suitable for the homing-loop simulation
under all � ight conditions. In the simulation studies ´N D 1 £ 10¡8,
’N D 3 £ 10¡7 , ´Tc D 1 £ 10¡11, and ’Tc D 3 £ 10¡10 were chosen.
A batch of parameter learning processes includes 12 homing-loop
simulations with each case corresponding to a � ight condition.
Figure 6 shows pro� les for N and Tc with missile speeds of 1.6
and 2.2 Mach and altitudes of 7.5–12.5 km.

Table 1 Nominal homing-loop parameters

Parameter Value Parameter Value

t0 0 s RMTx0 10,000 m
RR ¡0.02 rad/rad RMTy0 0 m
Ts 0.1 s Nbias 4.5
Ws 100 rad/s Nmin 3
Wg 10 rad/s Nmax 6
Wr 100 rad/s Tcbias 0.15 s
ºt 300 m/s Tcmin 0.1 s
At 3 g Tcmax 0.2 s

Table 2 Aerodynamic turning rate
constant for 12 � ight conditions

Flight condition

Number Hm , km Vm , Mach K® , s T . ; /
c and N . ; /

1 7.5 1.6 1.0 (1, 1)
2 10.0 1.6 1.4 (2, 1)
3 12.5 1.6 1.8 (3, 1)
4 7.5 1.8 0.9 (1, 2)
5 10.0 1.8 1.3 (2, 2)
6 12.5 1.8 1.7 (3, 2)
7 7.5 2.0 0.8 (1, 3)
8 10.0 2.0 1.2 (2, 3)
9 12.5 2.0 1.6 (3, 3)
10 7.5 2.2 0.7 (1, 4)
11 10.0 2.2 1.1 (2, 4)
12 12.5 2.2 1.5 (3, 4)

a)

b)

Fig. 6 Transients of the effective navigation ratio and guidance � lter
time constant during of� ine training for a) � ight conditions 1–3 and b)
� ight conditions 10–12.

Online Training
While online training progresses, the external noise n is in-

cluded in the homing-loop simulation scheme. A band-limited
Gaussian noise model is used to emulate the Poisson jinking tar-
get maneuver.21 The model generates a speci� c lateral acceleration
pro� le with the 3-g variance that corresponds to an evasive trajec-
tory. This is used to simulate the operational environmentwhile the
missile engages an evasive target. The learning rates used in this
phase remain the same as those in of� ine training.

Analysis for Online Operation
After the consequent function parameters of the guidance law

have been set up, they are then prepared for online operation. The
parameters are adaptively tuned to minimize the control effort and,
hence, to avoid the stability problem. Figure 7 shows transients for
N and Tc for onlinehoming-loopsimulationswith missile speedsof
1.6 and 2.2 Mach and altitudes of 7.5–12.5 km. It can be observed
that the navigation ratio tends to decrease and the guidance � lter
time constant tends to increase as the altitude increases. This ten-
dency coincides with the conventional guidance system design in
which the guidance parameters were appropriatelydesigned for in-
dividual � ight conditions to meet the engagement performance and
stability requirement caused by radome errors. The missile altitude
is � xed next with changes in the speed. Figure 8 shows the results
for homing-loop simulations with missile altitudes � xed at 7.5 and
12.5 km and speed varied from 1.6 to 2.2 Mach. From Figs. 6–8,
we also see that the equivalentnavigationratio over the engagement
process lies within 3.5 and 4.5 and the equivalent guidance time
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a)

b)

Fig. 7 Transients of the effective navigation ratio and guidance � lter
time constant during online operation for a) � ight conditions 1–3 and
b) � ight conditions 10–12.

constant lies within 0.15 and 0.18 s. Clearly, theses values meet the
constraint described by Eq. (26).

Figure 9 shows the � ight trajectories over all � ight conditions,
where RMTx and RMTy are missile– target relativerangeon the hor-
izontal and vertical axes, respectively. The initial relative range on
the horizontal axis is denoted by ¡10 and 0 km on the vertical axis.
It is seen that the missile can effectively engage the target under 12
� ight conditions. These results demonstrate tracking performance
as the system is operated over a signi� cant portion of the operating
regions.That is, the guidanceparameteradaptationshaveeffectively
captured the effect of plant variations.

Performance Evaluation
To evaluate the control energy consumption, we de� ne a cost

measure given by

Actotal D

sZ t1

t0

A2
c.t/ dt

To verify the effectiveness of our proposed approach, the accumu-
lated control effort was calculated for four periods: t D 0–3, 0–6,
0–9, and 0–10 s with altitude 10 km and speed 1.8 Mach (Fig. 10).
It can be found that control effort of the AFGS guidance law is, in
general, less than the conventional PNG design with N D 4; 5; 6.
This implies that the AFGS guidance system possesses higher ki-
netic energy to engage an evasive target.

With the missile engaging a 3-g random target maneuver, 12
homing-loop simulations were performed. Table 3 summarizes the

a)

b)

Fig. 8 Transients of the effective navigation ratio and guidance � lter
time constant for a) � ight conditions 1, 4, 7, and 10 and b) � ight condi-
tions 3, 6, 9, and 12.

Fig. 9 Flight trajectories corresponding to all � ight conditions.

resultantmiss distanceswith the missile guided by the conventional
PNG [i.e., Eq. (21)] and the proposed AFGS guidance.

From the extensive simulation studies, we may conclude that the
AFGS guidance law is distinctive from the conventional approach
because of wider design freedom and higher � exibility in the con-
troller architecture. A � nely tuned AFGS guidance law uses less
control effort during � ight and, therefore,possesses the potential to
increase the terminal speed. As we have expected, performance of
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Fig. 10 Comparison for energy consumption within four periods (Hm = 10 km, Vm = 1.8 Mach).

Table 3 Comparison of miss distances, m

Flight condition PNGa

Number Hm , km Vm , Mach N D 3 N D 4 N D 5 N D 6 AFGS

1 7.5 1.6 1.7 1.37 1.39 1.42 1.34
2 10.0 1.6 1.75 1.38 1.39 1.4 1.34
3 12.5 1.6 1.78 1.39 1.38 1.39 1.36
4 7.5 1.8 1.69 1.37 1.4 1.44 1.34
5 10.0 1.8 1.75 1.38 1.4 1.43 1.35
6 12.5 1.8 1.78 1.39 1.39 1.42 1.36
7 7.5 2.0 1.62 1.35 1.42 1.5 1.33
8 10.0 2.0 1.69 1.37 1.41 1.47 1.34
9 12.5 2.0 1.78 1.38 1.4 1.44 1.36
10 7.5 2.2 1.62 1.36 1.44 1.53 1.32
11 10.0 2.2 1.69 1.37 1.43 1.5 1.25
12 12.5 2.2 1.74 1.38 1.42 1.48 1.34

aTc D 0:15 s.

the guidance system under individual � ight conditions also agrees
with the family of all � ight conditions.

V. Conclusions
This study developed a novel AFGS control design method for a

class of nonlineardynamicsystems.The systematicdesign method-
ology uses a Takagi–Sugeno fuzzy system to represent the fuzzy
relationshipbetween the schedulingvariablesand controllerparam-
eters. Based on this control design scheme, an AFGS guidance law
was developed.This novel techniqueoffers the advantageof perfor-
mance improvementfor ill-de� ned � ightdynamics throughlearning
using the adaptive fuzzy inferencing mechanism. Compared to the
conventional PNG design, the presented guidance law possesses a
higher degree of automation and results in better terminal guidance
performance, that is, less control effort and a smaller miss distance.
Results from extensive homing-loop simulations verify the effec-
tiveness of the proposed design.
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